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Abstrat
We proved the existene and uniqueness of a traveling wave so-
lution to the thin lm equation with a Navier slip ondition at the
liquid-solid interfae. We obtain expliit lower and upper bounds for
the solution and an absolute error estimate of approximation of a
solution to the thin lms equation by the traveling-wave solution.
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1 Introdution
The degenerate paraboli equation
ht + (h
nhxxx)x = 0 (1.1)
arises in desription of the evolution of the height y = h(t, x) of a liquid lm
whih spreads over a solid surfae (y = 0) under the ation of the surfae
tension and visosity in lubriation approximation (see [8, 13℄). Lubria-
tion models have shown to be extremely useful approximations to the full
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Navier-Stokes equations for investigation of the thin liquid lms dynamis,
inluding the motion and instabilities of their ontat lines. For thiknesses
in the range of a few mirometers and larger, the hoie of the boundary
ondition at the solid substrate does not inuene the eventual appearane
of instabilities, suh as formation of ngers at the three-phase ontat line
(see [5, 10℄). For other appliations, suh as for the dewetting of nano-sale
thin polymer lm on a hydrophobi substrate the boundary ondition at the
substrate appears to have ruial impat on the dynamis and morphology
of the lm.
The exponent n ∈ R+ is related to the ondition imposed at the liquid-
solid interfae, for example, n = 3 for no-slip ondition, and n ∈ (0, 3) for
slip ondition in the form
vx = µ hn−2(vx)y at y = 0. (1.2)
Here, vx is the horizontal omponent of the veloity eld, µ is a non-negative
slip parameter, and µ hn−2 is the weighted slip length. Distinguished are the
ases µ = 0 and n = 2. The rst one orresponds to the assumption of a no-
slip ondition, the seond one to the assumption of a Navier slip ondition at
the liquid-solid interfae. The wetted region {h > 0} is unknown, hene the
system is simulated as a free-boundary problem, where the free boundary
being given by ∂{h > 0}, i. e. the triple juntions where liquid, solid and
air meet.
The main diulty in studying equation (1.1) is its singular behaviour
for h = 0. The mathematial study of equation (1.1) was initiated by
F. Bernis, A. Friedman [2℄. They showed the positivity property of solu-
tions to (1.1) and proved the existene of nonnegative generalized solutions
of initialboundary problem with an arbitrary nonnegative initial funtion
from H1. More regular (strong or entropy) solutions have been onstruted
in [1, 7℄. One outstanding question is whether zeros develop in nite time,
starting with a regular initial data. What is known is that with periodi
boundary onditions, for n > 3.5 this does not our [1, 2℄, while for n < 3/2
the solution develops zeroes in a nite time [6℄. One way of looking at the
problem (1.3) has been to study similarity solutions to (1.1) in the form
h(x, t) = t−αH(x t−β), where nα + 4β = 1 (see [4℄). In the paper [3℄, the
authors proved also existene dipole solutions and found their asymptoti
behaviour. We note that the solutions of suh type do not exist in the ase
n > 2, however, there exists a traveling wave solution (see [8℄).
In the present paper, we onentrate on a traveling wave solution to
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Figure 1: Sketh of the ross-setion of a dewetting lm after rupture,
showing the expanding dewetted residual layer (also alled a hole or dry
spot) in the middle and the adjaent dewetting ridges moving into the
surrounding undisturbed uniform lm [12℄.
(1.1) at n = 2, namely, we onsider the following problem with a regular
initial funtion: 

ht + (h
2hxxx)x = 0,
h(s1) = h(s2) = 0,
hx(s1) = θ > 0, h
2hxxx = 0 at x = s1.
(1.3)
System (1.3) desribes the growth of dewetted regions in the lm. Fluid
transported out of the growing dry regions ollets in a ridge prole whih
advanes into the undisturbed uid (see Figure 1). Under ideal onditions,
it ould be imagined that dry spots ould grow indenitely large. By on-
servation of mass, the growing holes would shift uid into the ever-growing
rims. In our situation, large length sale to limit the sizes of these stru-
tures is absent, and we might expet the motion and growth of the ridges
to approah sale-invariant self-similar form. At the same time, the ridge
proles have a pronouned asymmetry (see [12℄).
In the problem at hand, x = s1(t) is the position of the former moving
interfae, i. e. the ontat line, while the position of the latter interfae will
give an eetive measure of the width of the ridge, x = s2(t) = s1(t)+w(t).
The ridge is assumed to be moving forward, s˙1(t) > 0, orresponding to
an expanding hole. The arbitrary positive parameter θ orresponds to the
ontat angle of liquid-solid interfae. Thus, we an ontrol a dewetted
region in the lm by the ontat line and obtain asymmetry proles of so-
lutions. As the paper [12℄ has shown that the axisymmetri prole an
be analyzed within a one-dimensional thin-lm model. The authors found
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mathed asymptoti expansion, speed and struture of the prole, in par-
tiular, they obtained that
h(x, t) ∼ A s˙11/2(s2 − x)3/2 at x = s2, (1.4)
where the asymptoti onstant A = 2(2/3)1/2.
Hereinafter, we assume that the ontat line moves with a onstant
veloity (v) and the width of the ridge (w) is a onstant. As in [12℄, we are
going to look for a solution to (1.3) in the following form
h(x, t) = hˆ(ξ), where ξ = x− vt, s1 = vt, s2 = vt + w.
We an remove v and θ from the resulted problem by resaling appropriately,
hˆ = θ
3
v
ϕ, ξ = θ
2
v
η, w = θ
2
v
d.
As a result, we obtain the following problem for the traveling-wave{
ϕ(η)ϕ′′′(η) = 1, ϕ(η) > 0,
ϕ(0) = ϕ(d) = 0, ϕ′(0) = 1, 0 6 η 6 d.
(1.5)
Boatto et al. [8℄ redued this problem to the problem of nding a o-
dimension one orbit of a seond-order ODE system onneting equilibria.
Hene generially solutions will exist but only for isolated values of the free
parameter d. The parameter d was found in [12℄ by integration (1.5), and
d = 1/2. (1.6)
Our paper is organized as follows. In Setion 2 we prove the existene
and uniqueness of a traveling wave solution to the problem (1.5) (Theo-
rem 1). Lower and upper bounds for the traveling wave solution are on-
tained in Setion 3 (Theorem 2). We note that the bounds assert that
the onstant A of (1.4) must be from the interval [4
√
2/3, 4
√
6/3] (Corol-
lary 3.1). In Setion 4 we nd an absolute error estimate of approximation
of a solution to (1.3) by the traveling-wave solution (Theorem 3).
2 Existene of the traveling wave solution
Below we prove the existene and uniqueness traveling wave solution to the
problem (1.5). Our proof is based on some modiation of the proof of the
existene and uniqueness dipole solutions from [3℄.
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Theorem 1. There exists a unique solution ϕ(η) to the problem (1.5) suh
that ϕ(η) ∈ C3(0, d) ∩ C1[0, d] and ϕ(η) > 0 for 0 < η < d.
First, we prove the following auxiliary lemma:
Lemma 2.1. Assume that ϕ ∈ C3(0, d)∩C1[0, d], ϕ(0) = ϕ(d) = 0, ϕ′(0) =
1, ϕ > 0 and ϕ′′′(η) > 0 in (0, d). Then ϕ has a unique maximum and
ϕ′(d) 6 0.
Proof. Sine ϕ′′′(η) > 0 we have that ϕ′(η) is onvex, ϕ′′(η) is inreasing.
By Rolle's theorem ϕ′(η) has at least one zero in (0, d), and ϕ′(η) has no
more than two zeroes in (0, d) by onvexity. Let d1, d2 ∈ (0, d) : ϕ′(d1) =
ϕ′(d2) = 0. Then, by Rolle's theorem, there exists d3 ∈ (d1, d2) : ϕ′′(d3) = 0
whene ϕ(d) > 0. In view of ϕ > 0 in (0, d) and ϕ(d) = 0, we obtain d2 = d
and ϕ′(d) = 0. This proves that ϕ′(η) has exatly one zero in (0, d) and
hene ϕ(η) has a unique maximum. Now ϕ′(d) < 0 follows easily.
Proof of Theorem 1. Green's funtion. We dene a Green's funtion G(η, t)
by {
G′′′(η, t) = δ(η − t), 0 6 η 6 d, 0 6 t 6 d,
G(0, t) = G(d, 0) = G′(0, t) = 0, 0 6 t 6 d,
(2.1)
where d = 1/2. By expliit omputation, we nd that
0 6 G(η, t) =
{
2(t− d)2η2 if 0 6 η 6 t 6 d,
2(t− d)2η2 − d(η − t)2 if 0 6 t 6 η 6 d, (2.2)
whene
η∫
0
G(η, t) dt = 2
3
η3(d− η)(1− η),
d∫
η
G(η, t) dt = 2
3
η2(d− η)3 (2.3)
if 0 < η < d, and
G(η, t) 6 C t2(d− t), |G′(η, t)| 6 C t(d− t) ∀ η, t ∈ [0, d]. (2.4)
Approximating problems. For eah positive integer k we onsider the prob-
lem 

ϕ′′′k (η) = ϕ
−1
k for 0 < η < d,
ϕk(0) = ϕk(d) =
1
k
, ϕ′k(0) = 1,
ϕk(η) ∈ C3[0, d], ϕk(η) > 0 for 0 6 η 6 d.
(2.5)
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Consider the losed onvex set
S = {v ∈ C[0, d] : v > 1/k in (0, d)}
and the nonlinear operator Φk dened by
Φkv(η) =
1
k
+ 2η(d− η) +
d∫
0
G(η, t)v−1(t) dt,
where G(η, t) is from (2.2). The operator Φk mapping S into S is ontinuous.
Moreover, Φk(S) is (for eah k) a bounded subset of C
3[0, d] and hene a
relatively ompat subset of S. By Shauder's xed-point theorem, there
exists ϕk ∈ Φk(S) suh that Φkϕk = ϕk. This is the desired solution of the
problem (2.5). Note that ϕk satises
ϕk(η) =
1
k
+ 2η(d− η) +
d∫
0
G(η, t)ϕ′′′k (t) dt,
ϕ′k(η) = 2(d− 2η) +
d∫
0
G′(η, t)ϕ′′′k (t) dt.
(2.6)
In view of Lemma 2.1 (applied to ϕk− 1/k), there exists a unique point mk
in whih the maximum of ϕk is attained. Therefore,
ϕk(η)ր in (0, mk) and ϕk(η)ց in (mk, d).
Estimates. Sine G > 0 we get
ϕk(η)− 1k = 2η(d− η) +
d∫
0
G(η, t)ϕ−1k (t) dt > ϕ
−1
k (η)
η∫
0
G(η, t) dt
= 2
3
η3(d− η)(1− η)ϕ−1k (η) > 23η3(d− η)2ϕ−1k (η),
whene
ϕk(η) >
√
2
3
η3/2(d− η) > C η(d− η)3/2 if 0 < η < mk,
and
ϕk(η)− 1k = 2η(d− η) +
d∫
0
G(η, t)ϕ−1k (t) dt > ϕ
−1
k (η)
d∫
η
G(η, t) dt
= 2
3
η2(d− η)3ϕ−1k (η),
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whene
ϕk(η) >
√
2
3
η(d− η)3/2 if mk < η < d.
Hene,
ϕk(η) > C η(d− η)3/2 ∀ η ∈ (0, d). (2.7)
Next we dedue from the dierential equation that, for all η ∈ (0, d),
η(d− η)ϕ′′′k (η) = η(d− η)ϕ−1k (η)
(2.7)
6 C (d− η)−1/2, (2.8)
where the right-hand side is an integrable funtion.
Passing to the limit. From (2.6), (2.4) and (2.8) it follows that ϕk is bounded
in C1[0, d]. Therefore, there exists a subsequene, again denoted by ϕk,
and a funtion ϕ suh that ϕk→ϕ uniformly on [0, d] as k → ∞. Thus
ϕ(0) = ϕ(d) = 0 and, by (2.7), ϕ > 0 in (0, d). Hene, for eah ompat
subset I of (0, d) we have
ϕ′′′k (η) = ϕ
−1
k (η) →
k→∞
ϕ−1(η) in C(I),
and, by (2.8) and Lebesgue's dominated onvergene theorem,
η(d− η)ϕ′′′k (η) →
k→∞
η(d− η)ϕ−1(η) in L1(0, d). (2.9)
Sine ϕ′′′k →
k→∞
ϕ′′′ in the distribution sense, it follows that
ϕ′′′(η) = ϕ−1(η) in (0, d), (2.10)
i.e. ϕ satises the dierential equation. Moreover, from (2.9), (2.10), (2.6)
and (2.4) we dedue that ϕk→ϕ in C1[0, d] as k → ∞, and hene ϕ also
satises ϕ′(0) = 1. This ompletes the proof of the existene.
Uniqueness. Let ϕ1 and ϕ2 be two solutions of the problem (1.5) and set
v = ϕ1− ϕ2. Sine v′′′ = ϕ−11 − ϕ−12 and the funtion v 7→ v−1 is dereasing
we dedue that v v′′′ 6 0. Sine v v′′′ 6 0 and v(0) = v(d) = v′(0) = 0, we
onlude that v ≡ 0. This ompletes the proof of Theorem 1.
7
3 Lower and upper bounds for the traveling
wave solution
Integrating (1.5) with respet to η, we arrive at the following problem{
ϕ(η)ϕ′′(η) = 1
2
(ϕ′(η))2 + η − d, ϕ(η) > 0,
ϕ(0) = 0, ϕ′(0) = 1, 0 6 η 6 d,
(3.1)
where d is from (1.6). Analyzing the behaviour of a solution to (3.1), we
nd expliit lower and upper bounds for the solution.
Theorem 2. Let ϕ(η) be a solution from Theorem 1. Then the following
estimates are valid
ϕmin(η) 6 ϕ(η) 6 ϕmax(η)⇔ 4
√
2
3
η(d−η)3/2 6 ϕ(η) 6 4
√
6
3
η(d−η)3/2 (3.2)
for all η ∈ [0, d] (see Figure 2).
Corollary 3.1. In partiular, from (3.2) it follows that
4
√
2
3
s˙
1/2
1
x−s1
s2−s1 (s2 − x)3/2 6 h(x, t) 6 4
√
6
3
s˙
1/2
1
x−s1
s2−s1 (s2 − x)3/2 (3.3)
for all x ∈ [s1, s2].
Lemma 3.1. The funtion ϕ0(η) = A0 η(d − η)3/2 (A0 > 0) satises the
inequalities
ϕϕ′′ > 1
2
(ϕ′)2 + η − d ∀ η ∈ [0, d] if A20d2 6 5/3, (3.4)
ϕϕ′′ 6 1
2
(ϕ′)2 + η − d ∀ η ∈ [0, d] if A20d2 > 8/3. (3.5)
Proof. Indeed, the funtion ϕ0(η) satises the equation
ϕ0ϕ
′′
0 =
1
2
(ϕ′0)
2 + f(η),
where
f(η) := 5
8
A20(d− η)
(
η − 2d(1−
√
6)
5
)(
η − 2d(1+
√
6)
5
)
6 0 ∀ η ∈ [0, d].
From
f(η) > η − d⇔ 5η2 − 4dη − 4d2 + 8
A2
0
> 0 ∀ η ∈ [0, d],
D = 4d2 + 20d2 − 40
A2
0
= 24
A2
0
(
A20d
2 − 5
3
)
6 0 if A20d
2
6 5/3
we obtain (3.4). In a similar way, we obtain (3.5) for f(η) 6 η−d ∀ η ∈ [0, d]
if A20d
2 > 8/3.
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Figure 2: Lower and upper bounds for the traveling wave solution
Lemma 3.2. The funtion ϕmin(η) = A1η(d−η)3/2 (A1 > 0) if A21d2 6 8/9
is a lower bound for the solution ϕ(η) of (3.1):
ϕmin(η) 6 ϕ(η) (i. e. ϕmin(η)− ϕ(η) 6 0) ∀ η ∈ [0, d].
Proof. Contration Priniple. Let us dene v(η) := ϕmin(η)− ϕ(η). Sup-
pose that there exists a point η0 ∈ [0, d] suh that v(η0) > 0 then η0 is a
point of maximum for v(η), i. e. v′(η0) = 0 ⇔ ϕ′min(η0) = ϕ′(η0) = M and
v′′(η0) < 0. From (3.1) and (3.4) we dedue that{
ϕϕ′′ = 1
2
(ϕ′)2 + η − d
ϕminϕ
′′
min >
1
2
(ϕ′min)
2 + η − d ⇒
v′′(η) > 1
2
(
(ϕmin,η)
2
ϕmin
− (ϕη)2
ϕ
)
+ (η − d)
(
1
ϕmin
− 1
ϕ
)
,
whene
v′′(η0)︸ ︷︷ ︸
<0
>
−v(η0)
ϕmin(η0)ϕ(η0)︸ ︷︷ ︸
<0
(
1
2
M2 + η0 − d
)︸ ︷︷ ︸
?
.
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Using M = A1(d− η0)1/2(d− 5η0/2), we nd
1
2
M2+η0−d = (d−η0)
[
1
2
A21(d−5η0/2)2−1
]
6 0 ∀ η0 ∈ [0, d] if A21d2 6 8/9.
Thus we obtain a ontradition with our assumption, whih proves the
assertion of Lemma 3.2.
Lemma 3.3. The funtion ϕmax(η) = A2 η(d−η)3/2 (A2 > 0) if A22d2 > 8/3
is an upper bound for the solution ϕ(η) of (3.1):
ϕ(η) 6 ϕmax(η) (i. e. ϕ(η)− ϕmax(η) 6 0) ∀η ∈ [0, d].
Proof. Contration Priniple. Let us dene v(η) := ϕ(η)− ϕmax(η). Sup-
pose that there exists a point η0 ∈ [0, d] suh that v(η0) > 0 then η0 is
a point of maximum for v(η), i. e. v′(η0) = 0 ⇔ ϕ′max(η0) = ϕ′(η0) and
v′′(η0) < 0. Moreover, from ϕ
′′
max(η) = 3A1(d−η)−1/2[5η/4−d] we nd that
ϕ′′max(η) 6 0 for all η ∈ [0, 0.4] and ϕ′′max(η) > 0 for all η ∈ (0.4, d]. From
(3.1) and (3.5) we dedue that{
ϕϕ′′ = 1
2
(ϕ′)2 + η − d
ϕmaxϕ
′′
max 6
1
2
(ϕ′max)
2 + η − d ⇒ ϕ(η0)ϕ
′′(η0)− ϕmax(η0)ϕ′′max(η0) > 0,
(3.6)
whene
ϕ(η0)ϕ
′′(η0)− ϕmax(η0)ϕ′′max(η0)︸ ︷︷ ︸
>0
= ϕ(η0)v
′′(η0)︸ ︷︷ ︸
60
+ϕ′′max(η0) v(η0)︸ ︷︷ ︸
60
.
This ontradits to our assumption if η0 ∈ [0, 0.4].
Now, let η0 ∈ (0.4, d]. In this ase, if ϕ′′(η0) 6 0, and we obtain a
ontradition immediately from (3.6). If ϕ′′(η0) > 0 then we rewrite (3.6)
in equivalent form:{
1
2
(ϕ2)′′ = 3
2
(ϕ′)2 + η − d
1
2
(ϕ2max)
′′ 6 3
2
(ϕ′max)
2 + η − d ⇒ (ϕ
2(η0)− ϕ2max(η0))′′ > 0, (3.7)
whene
(ϕ2(η0)− ϕ2max(η0))′′︸ ︷︷ ︸
>0
= (ϕ′′(η0) + ϕ
′′
max(η0))︸ ︷︷ ︸
>0
v′′(η0)︸ ︷︷ ︸
<0
and we arrive at a ontradition. Thus, Lemma 3.3 is proved.
As a result of Lemmata 3.2 and 3.3, we obtain lower (more exat in
omparison with (2.7)) and upper bounds for the solution of (3.1), and
onsequently for the solution of (1.5).
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4 Absolute error estimate of approximation of
a solution by a traveling-wave solution
The next theorem ontains an absolute error estimate of approximation of
a solution (e.g., a generalized solution) by a traveling-wave solution.
Theorem 3. Let h(x, t) be a solution and hˆ(ξ) be the traveling-wave solution
to the problem (1.3). Then the following estimates hold
sup
x∈[s1,s2]
|h(x, t)− hˆ(ξ)| 6
√
6
6
θ(s2 − s1)1/2 if |hx(s2)| > θ,
sup
x∈[s1,s2]
∣∣h(x, t)− hˆ(ξ)− 2θs1/21 (s2 − s1)1/2∣∣6 √66 θ(s2 − s1)1/2 if |hx(s2)| 6 θ,
(4.1)
where ξ = x− vt, s1 = vt and s2 = s1 + w.
Proof of Theorem 3. We make the following hange of variables in (1.3)
h(x, t) 7→ f(ξ, t), where ξ = x− vt.
As a result, we obtain the following problem

ft − v fξ + (f 2fξξξ)ξ = 0,
f(0, t) = f(w, t) = 0, f 2fξξξ = 0 at ξ = 0,
fξ(0, t) = θ > 0.
(4.2)
Multiplying (4.21) by −fξξ(ξ, t) and integrating with respet to ξ, we get
1
2
d
dt
w∫
0
f 2ξ (ξ, t) dξ = −v
w∫
0
fξfξξ dξ +
w∫
0
(f 2fξξξ)ξfξξ dξ = −v2
w∫
0
∂
∂ξ
(f 2ξ ) dξ+
+
w∫
0
(f 2fξξξ)ξfξξ dξ
(4.22),(4.23)
= v
2
(θ2 − f 2ξ (w, t))−
w∫
0
f 2f 2ξξξ dξ,
whene
1
2
d
dt
w∫
0
f 2ξ (ξ, t) dξ +
w∫
0
f 2f 2ξξξ dξ =
v
2
(θ2 − f 2ξ (w, t))⇒
d
dt
w∫
0
f 2ξ (ξ, t) dξ 6 v(θ
2 − f 2ξ (w, t)). (4.3)
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Integrating (4.3) with respet to time, we nd
‖fξ(ξ, t)‖2L2(0,w) 6 ‖fξ(ξ, 0)‖2L2(0,w) + v
t∫
0
(θ2 − f 2ξ (w, t)) dt. (4.4)
From (4.4) it follows that
‖fξ(ξ, t)‖2L2(0,w) 6
{
‖fξ(ξ, 0)‖2L2(0,w) if |fξ(w, t)| > θ,
‖fξ(ξ, 0)‖2L2(0,w) + vθ2t if |fξ(w, t)| 6 θ.
(4.5)
From this, by virtue of uniqueness of the traveling-wave solution hˆ(ξ) (see
Theorem 1), f(ξ, 0) = hˆ(ξ) we dedue from (4.5) that
‖fξ(ξ, t)− hˆξ(ξ)‖L2(0,w) 6 2‖hˆξ(ξ)‖L2(0,w) if |fξ(w, t)| > θ,
‖fξ(ξ, t)− hˆξ(ξ)‖L2(0,w) 6 2‖hˆξ(ξ)‖L2(0,w) + 2θ
√
v t if |fξ(w, t)| 6 θ.
Therefore taking into aount the embedding
o
H1(0, w) ⊂ C[0, w], we nd
that
sup
ξ∈[0,w]
|f(ξ, t)− hˆ(ξ)| 6 2w1/2‖hˆξ(ξ)‖L2(0,w) if |fξ(w, t)| > θ,
sup
ξ∈[0,w]
|f(ξ, t)− hˆ(ξ)| 6 2w1/2(‖hˆξ(ξ)‖L2(0,w) + θ
√
v t) if |fξ(w, t)| 6 θ.
(4.6)
Sine hˆξ(ξ) = θϕ
′
η(η) (ϕ(η) is from Theorem 1) and ϕ(η) has a unique
maximum in (0, d), due to (3.2) we onlude that
‖hˆξ(ξ)‖L2(0,w) 6
√
6
12
θ. (4.7)
Thus, we from (4.6) and (4.7) arrive at
sup
ξ∈[0,w]
|f(ξ, t)− hˆ(ξ)| 6
√
6
6
θw1/2 if |fξ(w, t)| > θ,
sup
ξ∈[0,w]
|f(ξ, t)− hˆ(ξ)− 2θw1/2
√
v t| 6
√
6
6
θw1/2 if |fξ(w, t)| 6 θ,
(4.8)
whih ompletes the proof of Theorem 3.
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